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ABSTRACT. We provide a construction of the moduli spaces of framed Hitchin pairs and 
their master spaces. These objects have come to interest as algebraic versions of solutions 
of certain coupled vortex equations. Our method unifies and generalizes constructions of 
several similar moduli spaces. 
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Introduction 

The theory of stable vector bundles on complex projective manifolds has two completely 
different aspects: The algebro-geometric part of the construction of their moduli spaces by 
GIT, on the one hand, and, on the other hand, the theory of Hermitian-Einstein bundles 
which is differential geometry. The two theories are related by the famous Kobayashi- 
Hitchin correspondence. Using this, one could compute Donaldson invariants with the help 
of algebraic geometry. Now, Kobayashi-Hitchin type correspondences occur in many other 
places, e.g., for Bradlow pairs, Higgs pairs, and oriented pairs. Thus, it is desirable to have 
algebraic moduli spaces for the respective objects. For the above examples, the moduli 
spaces of the corresponding stable objects in algebraic geometry have been constructed 
(see, e.g., 0, §, ]§, [0, [g], §). 

In this paper, we study framed Hitchin pairs and oriented framed Hitchin pairs from the 
algebro-geometric viewpoint. Let X be a smooth projective curve and fix line bundles L, M, 
and a vector bundle H on X. Then a framed Hitchin pair consists of a vector bundle E with 
det(£') = M, a complex number e, a twisted endomorphism <p : E — > E<E)L, and a framing 
y/: E — > H, and an oriented framed Hitchin pair consists of (E,e,(p,y/) as before, and 
an orientation 8 : det(£) — > M. The motivation to study these objects comes from non- 
abelian Seiberg-Witten theory as explained in the recent thesis of M.-S. Stupariu [|To|], He 
starts with the U(2)- and PU(2)-monopole equations on a hermitian rank two vector bun- 
dle on a Kahler surface and then applies the method of dimensional reduction to get new 
equations in complex dimension one. These are certain vortex-type equations coupled with 
Higgs fields. In the algebro-geometric setting, the U(2)- and PU(2)-monopole equations 
correspond to Bradlow pairs and oriented pairs, respectively, and — as in Hitchin's work 
— the process of dimensional reduction has the effect of "adding" a trace-free twisted 
endomorphism (p: E — > E ®K X (see [|To|], p.29ff). In the spirit of the theory of com- 
plex vector bundles, one must now generalize the concept of Einstein-metrics to the re- 
spective differential-geometric objects, introduce a suitable stability concept for (oriented) 
framed Hitchin pairs, and then relate both sides by a Kobayashi-Hitchin correspondence. 
For framed Hitchin pairs, this was carried out by Lin [|J. The corresponding results for 
oriented framed Hitchin pairs are the content of Stupariu's thesis which also contains a 
discussion of Lin's results. 

It is therefore important to construct the algebraic models for the moduli spaces of stable 
(oriented) framed Hitchin pairs together with their Gieseker compactifications. This will 
be the main concern of our note. We will define a very general notion of framed Hitchin 
pairs over arbitrary base manifolds, explain the correct notions of semistability, and carry 
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out a construction of the moduli spaces, using Geometric Invariant Theory, restricting our- 
selves to the case of curves in the case of oriented framed Hitchin pairs. In contrast to other 
constructions of very similar moduli spaces ([Q], Jl^]), for framed Hitchin pairs, we will 
follow a Simpson-type construction, generalizing the one in [|| . The advantage of this ap- 
proach is twofold. First, one immediately obtains projective moduli spaces, and second, the 
symmetricity condition that the induced homomorphism K 1 ^ ®S — ► S be zero, usually 
appearing in this context, can be suppressed. 

Preliminaries 

We work over C. Here is a list of data which have to be fixed. We will refer to this list 
without further notice. 

• X, a smooth, projective scheme over the complex numbers, 

• an ample sheaf ^V(l), 

• a Hilbert polynomial P, r and d will denote the rank and the degree w.r.t. @ x {\) 
which this polynomial determines, jj. := d/r, 

• a locally free sheaf Sf on X, 

• a torsion free sheaf Jf on X, 

• a Poincare line bundle JV on PicX x X. 

For any coherent sheaf S on X, P g and P{$) stand for its Hilbert polynomial w.r.t. ^ (1). 
For any scheme S and any 5-flat coherent sheaf <£ s on S x X, there exists a morphism 
d(<£ s ) : S — ► PicX, associated to the line bundle det((£ s ) on S x X. We write ^[& s ] := 

A UNIVERSAL CONSTRUCTION. Remember the following standard construction which 
will be used frequently in our note: 

PROPOSITION 0.1. Let T be a noetherian scheme, (£y and <Bj T-flat coherent sheaves 
onT xX, and (p T : <Bj — > <Bj a homomorphism. Then there is a closed subscheme 2J C T 
whose closed points are those t G T for which <Pr|{f} x x = ^' 

The commutation principle. Let us recall two results from [||| which will be used 
in the second part of our paper. 

THEOREM 0.2. Let G be a reductive group without characters, and suppose we are 
given a (C* x G)-action on the projective scheme X which is linearized in, say, 971. Then 
the following conditions are equivalent: 

1. The point x is G-semistable w.r.t. the given linearization. 

2. There exists a linearization I of the C* -action in some power *H® m such that x is 
l-semistable, and the image of x in X// { C* is a G-semistable point w.r.t. the induced 
linearization. 

Proof. [|],Thm.l.4.1.& Rem. 1.1.1. □ 

Remark 0.3. Note that the same statement holds for polystable points but not for stable 
points. 

PROPOSITION 0.4. Let C* act on a vector space W l OW 2 with weights e x ande 2 , e^ <e 2 . 
Then, for the linearization of the C* -action given by k £ Z >0 , e£Z, with e l < e/k < e 2 , 
of the resulting C* -action on F(W^ © W 2 y ) in G(k), the quotient is P(W r 1 v ) x P(W r 2 v ), and 
0{k{e 2 — Cj)) descends to ff{ke 7 —e, —ke l +e). Futhermore, the linearizations with e/k = 
e ( - yield as quotients P(W ; V ), i — 1,2, 6(k(e 2 — Cj)) descending to 6(k(e 2 — Cj)). 

Proof. [§], Example 1.2.5. □ 
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The problem of non-commuting matrices. Denote by M r the vector space of 
complex (r x r)-matrices, and by SL r C M r the special linear group. We are interested in 
the right action of SL, on W := Mf u by conjugation, i.e., (w 1 ,...,m M ) -g = (g~ l m l g, 
g'^niug), for (m l , S W and g 6 SL r . First of all, it is very easy to describe the 

(semi)stable points: 

Lemma 0.5. A point m:= (m 1( ...,m u ) in W is unstable if and only if the m i 's can be 
simultaneously triangularized, and m fails to be semistable, if in addition, all the m i 's are 
nilpotent. 



Remark 0.6. We can formulate the condition of being a nullform in another way. For 
this, we think of m as a linear map from C to C ® C". Then, m is a nullform if and only 
if (m ®id g, r _! ) o • • • o m = 0. When the latter happens, we call m nilpotent. 

For us, it will be important to know the ring of invariants C[W] SLr = C[W] GL ' . From 
a technical point of view, the above problem is just a matrix problem associated with a 
quiver, namely with the one consisting of one vertex and u arrows, connecting the vertex to 
itself. Coordinate rings of general quiver varieties have been explicitly determined by Le 
Bruyn and Procesi and Lusztig [ph. First, let us define some invariants. For this, let F H 
be the free group in u generators x 1 ,... ) x u . We think of the elements of F u as words in u 
letters. An element co G F„ and an element (m 1 ,...,m u ) e M" define a matrix m m which is 
obtained by substituting m i for the indeterminate Xi, i — l,...,u, and we associate to CO the 
invariant T a which assigns to (m l , ...,m„) the Trace of m m . Theorem 1 of ||^] can be stated 
as follows in our context. 

THEOREM 0.7. The algebra C[W] SL '" is generated by the elements T m belonging to 
words CO of length at most r 2 . 



Remark 0.8. As a dimension count shows, the number of invariants s is much bigger 
than the dimension of the quotient, whence a lot of relations must hold. These follow all 
from the Cayley-Hamilton theorem. 



Example 0.9 (The case r = 2 = u). For (mj,m 2 ) € M 2 ©M 2 =: W, we define the invari- 
ants 

T l (m l ,m 2 ) '■= Trace(mj), r 2 (mj,m 2 ) := det(mj), 
r 3 (m 1 ,m 2 ) := Trace(m 2 ), T 4 (m l ,m 2 ) '■= det(m 2 ), 
and TJm 1 ,m 2 ) '■= Trace(»?jm 2 ). 

One can then verify that C[W] SL z = C[T l} ....T 5 ] and that this ring is isomorphic to the 
polynomial ring in five variables. 

Let s be the number of (non-empty) words of length at most r 2 in u letters, Tj , . . . , T s be 
the generating invariants from Thm. 3.7, and S := A 1 . Thus, we can associate to any m the 
element | (m) := ( 7^ (m) ,...,T S (m) ) £ E which we call the characteristic vector of m. This 
is the replacement for the charateristic polynomials in the case of commuting matrices. The 
results of this paragraph can be elegantly stated as 

m is not nilpotent if and only if its characteristic vector is non-zero. 



1. Framed Hitchin pairs 

Definitions. We will now introduce framed Hitchin pairs. They form a large class of 
objects which comprises all the objects studied in [|ljj, [ph, [|l2|], and [|^]. 
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Framed Hitchin pairs. A framed Hitchin pair of type {P^ ,<¥/?) is a quadruple (J>,S,<p, \jf) 
composed of the following ingredients 

• a torsion free coherent sheaf S with P g = P, 

• a complex number e, 

• a twisted endomorphism <p : S — ► (8 , 

• a non-zero framing y/ : <f — ► 

such that <p is not nilpotent, i.e., (<p (g idg, 8 ,_i ) o • • • o <p ^ 0, for all 2 e N, when e = 0. To 
make the condition of nilpotency a bit more transparent, we state the following 

LEMMA 1.1. Let § be a torsion free sheaf of rank r and (p: S — ► <§ ® ( $ a twisted 
endomorphism. Then q> is nilpotent in the above sense if and only if ((p® id^, 8r _ , ) o • ■ • o <p = 
0. 

Proof. One direction is trivial. Suppose <p is nilpotent and set := ker(((p®id^ 0I _ 1 ) o 
• • • o <p), i e N, so that we get a filtration C & x C • • • C & s = $ ■ Now, the i^'s are 
saturated subsheaves of S . Hence, all the inclusions above are either equalities or the rank 
jumps by one. Thus, the assertion follows from the obvious fact <p(i^,) C <£>S^. □ 

The equivalence relation ~ on framed Hitchin pairs is the one generated by 

(<f, e, <p, y/) ~ (<?',£, {p®iA^)oq>op- l 1 -^op- l ) 1 p:S — > g" iso., 
(£',E,(p,Y)~(<?, z .E,z-(p,Y), zeC*. 

Remark 1 .2. Applying the above definition to the automorphism A • id, A G C*, one sees 
that (£,e,(p, y) is always equivalent to (<?,e,<p,A ■ \jf). 

A family of framed Hitchin pairs of type (P,@,J4?) parametrized by the (noetherian) 
scheme S is a quintuple (<B S , £ s , (p s , y/ 5 , 9T S ). Here, £ s is an 5-flat family of torsion free co- 
herent sheaves onSxJf with Hilbert polynomial P, 9T 5 is a line bundle on S, E s 6 ff°(O r l s ), 
q> s : <£ s — ► (£ s <g ^s^s ® ' s a twisted endomorphism, and y/ 5 : (£ 5 — > 71% Jt? is a fram- 
ing. We say that the family (<B S , £ s , (p s , y s , 91 5 ) is equivalent to the family ((5^, e£, (p' s , i//£, 
91^), if we find isomorphisms p s : € s — ► €' s and tj 5 : < Jl s — > 91^, such that 

4 = ils o£ s> ^5 = (Ps®%*%® id ^)°^°Ps _1 ' Ws = W s °Ps l - 

Symmetric framed Hitchin pairs and characteristic polynomials. Let if be a torsion free 
coherent sheaf and <p : § — ► g> be a twisted endomorphism. We call <p symmetric, if 
the induced homomorphism (g> !T*(Sf v ) — ► S factors through # ig 5* (Sf v ). 

Remark 1.3. Since the symmetric algebra 5"*(^ v )is generated over ff x by it is suffi- 
cient to have that the map from S <g> <g y ig) — ► vanishes on <? g ( A 2 v ) . Moreover, 
if = & x (ni)® u for some m and u, we can decompose 9 into its components ((p l ,...,(p u ). 
The condition of symmetricity means that the <p ; commute, i.e., for all i,j= l,...,u, ((p t g> 
id^) o 9. - (9. g> id^) o 9. = 0. 

As Yokogawa explains in [|l3|], p.495, we can associate to a symmetric twisted endomor- 
phism (p its characteristic polynomial in H°(S* (Sf ) [f]). This provides us, in particular, with 
an element in the vector space := 0[ = j H°(S l (^)) which we call abusively the char- 
acteristic polynomial of(p, too. Note that <p is not nilpotent if and only if its characteristic 
polynomial in is not zero. 

A framed Hitchin pair <p, y) of type (P,&, Jtf) will be called symmetric, if <p is 
symmetric. A symmetric framed Hitchin pair (£*,£, q> , of type (P,@,Jf) defines an 
element in C©Hg,. Now, let C* act on H° through multiplication by z'. This 
yields a C*-action on CfflH^, and the quotient is a weighted projective space. Thus, 
{$, E, (p, y/) defines an element %{S , £,(p,\j/) e which depends only on its equivalence 
class. It will be referred to as the characteristic polynomial of (p, 
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Characteristic vectors for framed Hitchin pairs. Let {$ ,£,(p,y/) be a framed Hitchin 
pair of type (P,^,Jf) with Sf = & x (m)® u . Let T 1 ,...,T S be the generators of the ring 
C[M®"] SLr , belonging to the words co l , ....,co s . For a given /, consider the homomorphism 
(p [ := (<p <g> id^ 8i _! ) o • • • o <p : S — ► ® Now, a word o of length Z singles out 
a component of (p., i.e., a homomorphism <p ra : <? — ► S ® G x (lm), and the trace of <p ra 
gives a section in H {) (0 x (lm)). For ;' = 1, ...,s, let l s be the length of the word (O s , and set 
Kg := 0- =1 i/°(^' x (/ J m)). So, we can associate to (<?,£, <p, I/a) in a natural way an element 
in Kg,. As before, we let C* act on //°(^(/ ( m)) through multiplication by z'i, ; = 1, ...,s, 
in order to obtain a C*-action on C © Kg,. The quotient (C © K G ) // C* will be denoted by 
Eg,. Thus, we can assign to any framed Hitchin pair (<?,£,<p,y/) its characteristic vector 
E, (<f, £, 9, y/) G Eg. The characteristic vector clearly depends only on the equivalence class 
of (S',£,(p,Y). 

Semistability and sectional semistability. Fix a polynomial a e Q[t] with 
positive leading coefficient of degree at most dimX — 1 and call a framed Hitchin pair 
(<?, e, <p, y/) a-(semi)stable, if for any proper, non-zero subsheaf & of $ which is invariant 
under y>, i.e., <p(&) C ^©Sf, 

(<) and 



rkJ? rkJ? rk<? rk<£" 

P Pa 

-r4? ( < ) t; , if, furthermore, & C ker y/. 

rkJ? rk<? rk<T 



Remark 1.4. i) Given two locally free sheaves ^ C S^' and a framed Hitchin pair (<?, £, <p, 
V/) of type (P, Sf , J?), we can form the framed Hitchin pair (<?,£, p', y/) of type (P, J?) 
by defining <p' as the composition of <p with the inclusion j?® C S ©Sf'. Since for any 
(p'-invariant subsheaf & of the map ^ — > — ► & © /Sf ) is zero, it will also 
be <p -invariant. Therefore, (<?,£, <p' , y/) will be (J-(semi)stable if and only if (<?,£, <p, y/) is 
C7-(semi)stable. In particular, since we can embed £f in G x {m)® u for some large m and w, 
we can and will always assume that <S is of that simple form. 

ii) A a-stable framed Hitchin pair (<?,£, <p,y/) has no automorphisms p besides the 
identity which satisfy 

(£,£,<P,V) = ( ( f,£,(p®idg)oy)op- 1 ,y/op- 1 ). 

Next, fix a positive rational number a. A framed Hitchin pair (<?,£, (p, v) of type 
(P^jJt ) will be called a-sectional (semi)stable, if there is a subspace V C H°(<£) of 
dimension %(£), s. th. for any non-trivial <p-invariant proper subsheaf ^ oiS 

dim(Vn//°(^)) <T x(^) g 

rkJ? rkJ? ^ rk<? rk<?' 

rkJ^ v " 7 rk<? rk<g" Y 

The usual arguments — assuming boundedness — then show: 

PROPOSITION 1.5. There is a natural number n () such that for all n > n () and all framed 
Hitchin pairs (£ , £, (p, y) of type (P,&,J4?) the following conditions are equivalent: 

1. (S , £, <p, y/) z's a-(semi)stable. 

2. (<?(«),£, y) ®id^ ^ , y/ Cg> id^, ^) is a(n)-sectional (semi)stable. 

3. (<? («),£, <p © id^ ^,y/©id^ ^) satisfies the condition of a(n)-sectional (semi) 
stability for globally generated subsheaves. 

Remark 1.6. If X is curve and some positive rational number ffoc, then — as will follow 
from the results of the section about boundedness in the second chapter — one can choose 
n Q such that the above proposition holds true for all positive rational numbers a < Coo. 
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Jordan-Holder Filtrations and S-equivalence. Let ((?,£, <p,y/) be a a-semi- 
stable framed Hitchin pair of type (P,^,J^) which is not (7-stable. Let $ x be a proper, <p- 
invariant, destabilizing subsheaf which is maximal w.r.t. inclusion. The homomorphisms <p 
and y/ can be restricted to S x , and (S x , £, <p,g ,|f^ ) will be again a-semistable. If it is not 
(7-stable, pick a maximal destabilizing ^-invariant subsheaf & 2 and so on in order to get a 
so called Jordan-Holder filtration 

=: $ m+x C $ m C • • • C e>i C ©g := © . 

Then, we can define f/ze associated graded object 

m+1 

gr(<?,e,<p,y/) := 0(^/^,6,9,,^). 
i=i 

As usual, this is well-defined up to equivalence. Two c-semistable framed Hitchin pairs are 
called S-equivalent if their associated graded objects are equivalent, and a framed Hitchin 
pair is said to be a -poly stable, if it is equivalent to its associated graded object. 

THE MAIN RESULT. LetFH ^; 1 * (FH CT 7^ 1 , ) be the functors assigning to each 

noetherian scheme the set of equivalence classes of families of (T-(semi)stable (symmetric) 
framed Hitchin pairs of type (P, Sf , Jf). 

THEOREM 1.7. i) There are a quasi-projective scheme ^^"pj^j^ and a natural trans- 
formation # ofFHpJyijg, into the functor of points of ^JtpJ™^, s. th. for any scheme 
^ and any natural transformation : FH^T^, — > h ^, there is a unique morphism 
t: ^aPpj^/je — ► M with = h(x) o 

ii) The space ^ ^"pj^j^ contains an open subscheme J? M"^J^ j ^ which is a fine 
moduli space for the functor FH^T^^,. 

iii) The closed points of ' J£ 'M"^J^ ^ ^ naturally correspond to the set of S-equivalence 
classes of a -semistable framed Hitchin pairs of type (P,^, Jtf). 

iv) There is a proper morphism ^ : ^JffpJ^ ^ — > — called the generalized Hitchin 
map — which maps a O-polystable framed Hitchin pair of type to its character- 
istic vector. In particular, 3 'J^"^J^ ' ^ is a projective scheme. 

v) There is a closed subscheme ^ ^pj^/ / S y mm of-^^p/^/Ji?' suc ^ ^ e schemes 

^^p/y/jf/symm an d ^^p/^/jf/symm := ^^p/y/.jf/symm n ^^p/i/jr en i°y 

the analogous properties to i) - iii) w.r.t. functors FH°7^,' 4 , • Moreover, there is 

° r r i > j p/s?/j)f/symm 

a proper morphism % : ^^£/^y^/ S y mm — ► P^. the Hitchin map, which maps a a- 
polystable symmetric framed Hitchin pair of type (P,Sf , Mf) to its characteristic polyno- 
mial. 



Proof of Theorem |L7| with GIT. We will follow the usual pattern of a GIT con- 
struction. 

Boundedness. For a torsion free coherent sheaf S, let = # C $ x C • • • C $, = $ be its 
(slope) Harder-Narasimhan filtration. Set \l rass {S') := ar, d J u m in(^) := MO^/^z-i)- 

The proof of Nitsure [Q], Proposition 3.2, can be easily extended to give the following 

Proposition 1.8. Let (<^,e,(p,\j/) be a framed Hitchin pair of type (P,&,Jf?) with 
<S = G x {m)® 11 , such that there is a constant C > such that < ju(^) + [C{r — 

rk J?") I (rrk^)] for any non-trivial (^-invariant subsheaf ' & of S. Then 

r (r-l) 2 1 

Mmax(^) < max|^ + C ii u+ degff x (m)j. 
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Remark 1.9. As explained in [HI, p. Ill, one can formulate a "polynomial" analogon to 
Proposition 1.8, namely, there is a constant C' such that for any subsheaf & of & one has 

P(&)/rk3? <P(g)/x\t£ + C'x &mX - 1 . 

Since every d-semistable framed Hitchin pair of type (P, @, J^) satisfies the assumption 
of the above proposition with C = leading coefficient of a, Maruyama's boundedness result 
[§] yields 

COROLLARY 1.10. The isomorphy classes of torsion free coherent sheaves occuring in 
O-semistable framed Hitchin pairs of type (P,§f , form a bounded family. 

Let (<f,£,<p,y/) be a framed Hitchin pair of type (P,^f,J(f) and set := ker((<p ® 
id^ 8/ _i)o-"09),i = l,...,r. 

LEMMA 1.11. 77ze sef o/ isomorphy classes of ^ 's coming from a ' -semistable framed 
Hitchin pairs of type (P,W,J4?) is also bounded. 

Proof. The proof of this lemma will be given below. □ 



Some assumptions. As observed in Remark [O] , we can assume that <S is of the form 



<ff x {m)® u where 6 x {m) is globally generated, and, by Corollary 1.10 and Lemma p. 1 ll the 
following can be required. 

Assumptions 1.12. Let n l be a natural number such that for all n > n { and every a- 
semistable framed Hitchin pair (S , £,<j0, \]f) of type (P,^,J^) the following holds 

• J4?(n) is globally generated and without higher cohomology. 

• <?(«) is globally generated and without higher cohomology. 

• For i= 1, ...,r, the sheaf J^,(«) is globally generated and without higher cohomology. 

An additional hypothesis on n x will be explained later. Now, we have to make a "log- 
ical loop". Indeed, the last assumption makes use of |l.ll| which we have not yet pr oved . 
Therefore, we won't use this assumption in the following construction, prove Lemma |l . 1 1| , 
and then re-enter at the beginning of this section. Suppose also that n l is greater than the 
constant n in Proposition [L5|. We may clearly assume that n l = 0. 

The para meter space. Let V be a complex vector space of dimension p := P(0). By 



Assumption L12 , every torsion free sheaf <S occuring in a a-semistable framed Hitchin 
pair of type (P,^,J^) can be written as a quotient q: V <S> G x — > & where H°(q) is an 
isomorphism. These quotients are parametrized by a quasi-projective scheme £} Q which is 
an open subscheme of 0, the projective quot scheme of quotients of V ® @ x which have 
Hilbert polynomial P. Let : V <g> &q xX — ► (£0 be the universal quotient on £} x X. We 
can choose a v meeting the following requirements: 

Assumptions 1.13. For any v > V , any subspace U of V, any [q: V ® X — ► S\ G 0, 
and<% :=q{\J ®G X ): 

• & x {v) is globally generated and without higher cohomology. 

• Themap#°(^ x (v))®H°(^ x (m)) — > H°(tff x {v + m)) is surjective. 

• ff''(4/(v)) =0, i > 0, and U <g> ff x {v) — > ff°((%(v)) is surjective. 

Hence, 7T Qif! (£(g) 7l x & x (v )) and (<£<8> 7t x x (v o + m)) are locally free. Define 

$ := PK®^(£®4^(v + m)r V ®7T Q ,(€®^^(v ))). 

There is a tautological line bundle on ( Jji, and the tautological surjection provides us, 
on *p x X, with a homomorphism 

V ® ^(v ) — (<S~ ® *|«tt~ ® n x x (v o +m)r u ® 



x 
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Here, q ~ : V ® ^" xX — > * s tri e pullback of the universal quotient. Define Cp as the 
closed subscheme of *p where this homomorphism factorizes through (g) 7C x /? x (v ). Let 



1.12 



be the induced homomorphism and 91^ the restriction of 9t~ to *|3. By Assumption 

for any (T-(semi)stable framed Hitchin pair (<£", e, <p, tyf), the homomorphism i//: c? — > J4? 
is determined by the homomorphism H°((p) : H Q (S) — ► H°(J^). Define the space R := 
¥{Hom(V,H°(Jf)) v ). It is now clear how to construct the parameter space £H as a closed 
subscheme of *p x R, and that, on V\ x X, there is a universal family ( (S^ , e m , q>^ , , 91^ ) , 
such that any family of c-semistable framed Hitchin pairs can locally be obtained as the 
pullback of this universal family. £R will be the open subscheme sitting over fl , and 
a j ) s will be the — a posteriori — open subscheme parametrizing (T-(semi)stable framed 
Hitchin pairs. 

Ample line bundles on <p. For the moment, write 2Uj-) for the vector bundle ?Tq„(^q ® 
% x G x ( V + m)) . Note 2B^ = /\ p{ v ° +m) ~ 1 2U Q ® det 22J^ . In particular, there is a surjection 

P(v +m)-l 

f\ (V(g>N®M)®demQ — >W V Q . 
The line bundle £ Q := detSUj-j on is very ample. Therefore, we see that ff^(a l ,a 2 ) '■= 
^*£® fll <g> W®" 2 is globally generated for a x > a 2 > and very ample for a, > a 2 > 0. 

77ie group actions. There are natural right actions of SL(V) on the schemes and R, 

and the locally free sheaves n a *(£ a <8> ^l^x( v o)) an ^ 7r Q*( ( ^Q ® 7r l^x( v o + m )) are natu " 
rally linearized w.r.t. the group action on 13. Thus, there is a natural SL(V)-action from the 
right on *p x R. This leaves the schemes d\ and £K invariant. Moreover, the equivalence 
relation on the closed points of Vi Q induced by this group action is just the relation ~ on 
framed Hitchin pairs. More precisely, 

PROPOSITION 1.14. For any noetherian scheme S and any two morphisms /3, : S — ► 
£R , i — 1,2, such that the pullbacks of the universal family via x id-^) and (jS 2 x id^) 
are equivalent, there exist an etale covering t: T — > S and a morphism T: T — ► SL(V) 
with /3j o t = (J3 2 o t) • T. 

Remark 1.15. Using the universal properties, it is easy to see that the universal family 
on £H x X can be equipped with an SL(V)-linearization. Now, restrict everything to IHq ~ s . 
Then, by Remark p~4| ii), the SL(V)-linearization induces a PGL(V)-linearization of the 
universal family. Since all the PGL(V )-stabilizers are trivial, the universal family descends 
to the quotient 9\°~ s // SL(V) = *Hq ~ s //PGL(V) provided the latter space exists. For the 
necessary descent theory, the reader is referred to [0], p. 87. 

The semistable points in the closure o/£H and the proof of the main theorem. Fix the 
polarization G{2, 1, a) (compare p. 309) on with 

2 := ( P ( v o + m ) - g ( y o + m )) ~ _ g(Q) - g ( v o + m ) ■ 

The group action will be linearized in that line bundle. 

THEOREM 1.16. Let r := ([q: V ® X — > &], [e,<p], [y]) be a point in the parame- 
ter space Then, r is ( semi/poly )stable in £R (w.r.t. the chosen linearization) if and 
only if (S ', £ , (p , \jf) is a O -( semi/poly )stable framed Hitchin pair of type (P,&,Jtf). More- 
over, ifX is a curve, and r is a point in the closure of the parameter space 9l , then r is 
( semi/poly )stable in $H if and only if r lies in £R and (£ £, <p, \jf) is a <7-( semi/poly )stable 
framed Hitchin pair of type (P,@,J(?). 
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Proof. This theorem will be proved below. □ 



If X is a curve, then Theorem |1.16| shows that d\° 14,4 is exactly the set of (semi)stable 



points in the closure of $H . Thus, the good quotients %K°~( S ' S // SL(V) do exist, the space 
91? ~ ss // SL(V) is a projective scheme, and SH? ~ s jj SL(V) is a geometric quotient. In case 
X is higher dimensional, Theorem 1.16| shows that 9^ ~' 4 ' 4 is a saturated open subet of 



the semistable points in 9t , i.e., the closure in $H of the orbit of a point in 91q still 
lies in £Rq s . Therefore, the good (geometric) quotient Dt^ - ^' // SL(V) exists as a quasi- 
projective scheme. Defining ^^pj^ •= 9^~ (i) 7/SL(V) gives our moduli spaces. 



The first assertion of Theorem |L7| is t hen — as usual — a direct consequence of the local 



universal property of £H, Proposition |1.14| an d the universal property of the categorical 
quotient. As we have already remarked in 1.15 , the universal family on Dt^ ~ 4 x X descends 



to ^^p/^/jgi x X, whence ^<^"pi^i^> is a fi ne moduli space. The identification of 



the closed points follows from the assertion about the poly stable points in Theorem 1.16. 
Thus, i) - iii) in 1 .7 are settled. For point v), we define ^^p/^'/^/ S y mm as the image of 
symm ™ "^"^"pJw/jv space clearly has the desired properties and coincides with 
EHq sy' mm // SL(V). To define the generalized Hitchin map, let fj be the geometric vector 
bundle associated to the locally free sheaf 

(<£ ® n x & x ( v )) v ® tc q , (<£ ® tc x x (v o + m)) m . 

The induced map ([C x^]\ {zero section}) x R — > ?p x R is a good C*-quotient. Let 
8°- M be the preimage of m%~ ss under the above map. Then, ^^%7& /M , = 8$~ SS //(C* x 
SL(V)) is also a good quotient. Copying the construction of [Op, p.496, we obtain a 
morphism ^ _ss — > C x — > E^. which is (C* x SL(V ))-invariant and, thus, descends 
to a morphism 

This is the generalized Hitchin map. To see that it is proper, let (C,0) be the spectrum of 
a discrete valuation ring R with field of fractions K. Suppose there is a map C — ► Eg? 
which lifts via % over C \ to ^J^^J^j^,. Since there are no non-trivial line bundles on 

C, the morphism from C to lifts to C © Kg.. After possibly passing to a finite extension 
of K, we may assume that the map from C \ — ► ^^"pj^j^ comes from a family of 
(7-semistable framed Hitchin pairs of type (P,@,J%?) and that the induced map to Kg, is 
just the characteristic vector of that family. This follows from Luna's etale slice theorem 
and our definition of equivalence of families. It is not hard to see that the arguments used 
by Yokogawa ([jl3|], p.487ff) or Nitsure [Q] can be adapted to our situation. We omit this 
here, because it does not involve any new idea. □ 



Proof of Theorem 1.16. First, we prove the statement about the (semi)stable points, using 
the Hilbert-Mumford criterion. For this, we recall that a one parameter subgroup of SL(V) 
is determined by giving a basis Vj , . . . , v p of V and weights jy < ■ ■ ■ < y p , satisfying £ ( y = 0. 
Moreover, a weight vector (y, , y p ) with yy < ■ ■ ■ <y p and £ ; Yi = can be written as 

(Yv-,Y P ) = 



with yW — (J, — p, — p,i, where i — p occurs i times. Let us first make some pre- 
liminary remarks. 
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The weights of the R-component. Let X be the one parameter subgroup which is deter- 
mined by the basis v l , ...,v p and the weight vector {j\ Yp)- Let [h] G R be a point. It 
follows that jll R ([/z],A) = — minjy /z (v ; ) ^ 0}. In particular, if is the one parameter 
subgroup defined by yW, then /x R ([/z], A^) = —iorp — i, depending on whether ( v,, v | ■ ) 
is contained in ker(h) or not. Observe that jj.- R ([h],X l ■ A^) = Mr(Mi^-i) + MkCW)^?) f° r 
any two one parameter subgroups given w.r.t. above basis by the weights yj < • • • < y\>, 
i 1.2. 

77ie weights of Z Q . Let v 1; ...,v p be a basis for V and [q] G 0. Define <2,- := H°(q(g> 
id e x (v o +m))(( v v---> v i}® N ® H °(0x( m )))> and 5 (0 :=dim2 ; , i= I,..., p. For a one pa- 
rameter subgroup given w.r.t. the above basis by the weights y l < ■ ■ ■ < y p , we obtain 

Mq([«U) = -t(S(i)-S(i-l)) 7l , 
in particular, ^ ([<?], A «) = (p8{i) - iP{v + m)) . Again, MqCM^i '^2) = Mq(M^i) + 

The global sections of 0^(1)1). All the assertions about the weights of one parame- 
ter subgroups will rely on a good understanding of the global sections of the line bun- 
dle ^m(lj 1) over *p. Therefore, we will now give an explicit description of them. Let 
[q : V <E> & x — ► S\ be a point in Q. The points of <p in the fibre over [q] can then be written 
as classes [e,f], £ G C, / G# := Hom(H°(£(v Q )),H Q {S'(v + m))® u ), and [e,f] = [ze,zf], 
z G C*. Now, fix bases v l ,...,v p of V, n v ...,n v of N, and mj, ...,m^ of H Q (G x {m)). Us- 
ing the lexicographic order, we get ordered bases for V ®N and V ® N <g> H° (0 x (m)) . Set 
p 1 := ^(v ) and p" := P(v Q + m). Let 3 be the set of all //-tuples of elements of the form 
v l ®n K whose images in //°(<?(v )) form a basis. Likewise 3 is defined as the set of p"- 
tuples of the form v t ®n K <g> which induce a basis for H°(£(v + m)). Observe that 
specifying an element in J G Z is the same as specifying an element Sj in /\ p V ®N <gt 
H°(ff x (m)) which, viewed as a global section of 2q, does not vanish in [q]. Pick elements 
/ G 3 and / G 3, and let and Wj,....,w /; be the induced bases of i/°(<^(v )) 

and H° (iff (v Q + m)) , respectively. We, thus, obtain a basis w\, ...,w\i,, ■■■,w", ■■■,w" l , for 
ff (#(v +m)) e ". The/*- := uf ®w k j , i= l,...,p', j = l,...,p",k = l,...,u, form a basis 
for H. As one knows from linear algebra, w^ v can be identified — up to a sign — with 
( w\ A ■ • • A w k j A ■ ■ ■ A w*, ) j (w * A ■ ■ ■ A w k p , ) . Thus, u i (g> wf 1 defines a rational section off 
of V <g> AT ® A 77 " - 1 (V <8> N ® M) (g) Therefore, := a^* <g> S y is a global section of 
V<g)N® A p "~ 1 (V ® N ® Af) ® . Denote the induced section of ^A ( 1 , 1 ) by 0^. From 
the construction, it is clear that the generate 1) everywhere and that they are 

eigenvectors for the action of the maximal torus defined by the basis v 1 , v p . Let's return 
to the original setting. Let (£, e, (p, \jf) be a framed Hitchin pair. Call a subsheaf & of £ 
(p-superinvariant, if & C ker y/ and the induced homomorphism <?/ J?" — ► (<?/ J?) (g> ^ is 
also zero. As an immediate consequence of the previous discussion, we note 

LEMMA 1.17. Fix a basis v l , ...,v p for V. Then one obtains the following values for 

the action of X^ on the fibre of 91,^ over lim z ^ p • A ® (z) with p = ([q: V <g> G x > 

S\, [e,<p]), ( = L i) — p if£/ v v \ is not (^-invariant; ii) p if £ = and S, v ^ is 
(p-superinvariant; and iii) in all the other cases. 

The above description of the weights and a standard argument in Simpson-type con- 
structions — [0] being closest to our situation — lead to the following conclusion: 

Proposition 1.18. Let r = ([q: V ® G x — > S\ [e,<p], [v]) be in the closure o/5H . 
Then the following assertions are equivalent: 
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1 . For any basis v l ,...,v p ofV and any one parameter subgroup A W, such that the sheaf 
S^ v v j is (^-invariant but not (p-superinvariant when e = 0, /x(r, A W)(>)0. 

2. For all subspaces U C V such that S v is ^-invariant but not (p-superinvariant when 
£ = 0, 

dimU a(0) p a(0) 

rk^ ~ Tk^ v 7 7~ 

dimt/ , , p a(0) .„ ^ 

7k47 ^ 7—T' lf ^ cker<p ' 



Now, we proceed to the proof of Theorem 1.16. Let's start with the following obvious 



COROLLARY 1.19. Suppose X is a curve and r lies in £H . Then H°(q) must be an 
isomorphism and $ must be torsion free. 

Remark 1 .20. In the higher dimensional cases, one cannot adapt the proof for the moduli 
spaces of semistable sheaves. First, one can copy the proof of Proposition 4.4.2 in [||] to 
get a homomorphism k: § — > One can even equip §' with the structure of a framed 
Hitchin pair such that K becomes a homomorphism between framed Hitchin pairs. But 
unfortunately, it is not clear whether ker(V — ► H°(S" j) generates a ^-invariant (torsion) 
subsheaf of S . 

We will apply the Criterion iii) of Proposition \L3. First, assume that r is a (semi)stable 



point. Then, by Proposition 1.18, we only have to show that <p can't be nilpotent when 
e = 0. If £ = and <p is nilpotent, then there is a filtration 

suc h that <p(^ ( ) C ® and the ^ i are globally generated, i = l,...,s (Assump- 
tion |l,12| ). Choose a basis v { ,...,v p such that there are indices Ij < ••• < l s with ( Vj, v l . ) = 

H Q {^f t ), i — 1, ... ,s. Let A be given w.r.t. that basis by £- =1 7^ 1 '- Then, semistability and 
Assumption 1.1 2| yield 



-p + 2 £ (ph°Wv + m)) - h\^)P(v Q + m) + a -(p- h°(#,)j) > 0. 

i=l 

Plugging in our formula for a/2, viewing everything as polynomials in v and taking lead- 
ing coefficients gives 

-p + a(0) + 2 rk - A (.^)/- + a (0) (r - rk > 0. 

If we have chosen n i in |l,12| big enough, then this is not a possibility. Indeed, — P + a 
— as a function of n — is a polynomial of degree dimX with negative leading coefficient 
whereas the polynomial corresponding to the sum has at most degree dimX — 1 . Since, by 



Corollary 1.10, there can occur only finitely many such polynomials, we are done. 



To see the converse, let £, (p, \jf) satisfy Condition iii) of Prop. 1.5 Then, the sec- 
ond condition in Proposition |l,18| is satisfied. Let v l ,...,v p be any basis and A be a one 
parameter subgroup given by, say, YrZ^OLff^, a ; € Z[(l/p)] >0 . Note that, if <f> is not 
nilpotent, there is a non-zero global section of f?(2, 1, a) on which every one parameter 
subgroup A acts with weight < — 2fi a ([q] 1 A) — ajU R ([vr],A). Therefore, if §, v ^ is <p- 
invariant for every i with a ; ^ 0, there is nothing to show. Otherwise let i l ,...,i s be the 
indices belonging to non-invariant subsheaves. For each j = 1, let be the satu- 
ration of § v . We then find indices i l ,... : i t among i l) ...,i s such that § v C § x if and 

'j 'j 
only if i, < i K , j = 1, K = 1, For i K x < ij < i K , the induced homomorphism 

§ v — ► S ' j 1 S 1k ®Sf will be non-zero. Therefore, we find a section & K in H° (5}J, ff„ ( 1 , 1 ) ) 
among the &'^ k such that A^ acts on & K with weight — p — jUq([?]i ^ J ) f° r every j 
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with i K _ j < ij < i K and any other one parameter group A W with weight < — jX Q ([q],X W ) . 
Let © :— © t ® ■ ■ ■ (g) r be the corresponding section of 0m{t ,t )■ Then X acts on with 
weight < —p Yfj = i CC t — t YJ-_ [ ([<?] i A W ) . Therefore, the assertion ju (r, A ) (>)0 can be 
reduced to 

p + 2?(At Q (M,A^) + |M R (M,A (i P)) > 0, 7 = 1,. 

Now, only those i. matter for which ^([q], A^) + (a/2)jU R ([y/], A^) is negative. But 

then, <f v can be assumed to be globally generated and without higher cohomology, and 

j 

replacing this sheaf with its saturation, we are left to show 

p- 0(0) +2*(tk^(p-ff(0))-rAVO) > °> t = W. 



We view this again as an inequality between polynomials in n. By Remark 1.9, the second 
term is then > — 2t(r — l)[rC'n dlmX ~ 1 + o{n)\, i.e., bounded from below by a polynomial 
of degree dimX — 1, and P(n) — o(n) is a polynomial of degree dimX with positive leading 
coefficient, whence the claim. 

For the assertion about the polystable points, let the one parameter subgroup A be given 
by Lfjj 1 a ; yW, a t e Z[(l/p)] >0 , w.r.t. the basis v l ,...,v p ofV. Observe that the above proof 
shows that p.(X,r) = can only occur if for each a ; ^ 0, ( v 15 v ; } =: V i = H®{$ w ), § v is 
^-invariant and destabilizes the framed Hitchin pair (§ , e, q>, y/). So, r will be a fixed point 
for the action of any such A if and only if (<£",£,<)!>, y/) is a c-polystable framed Hitchin 
pair. □ 

Some variations and examples. In this section, let X be a curve, and L = <g a line 
bundle. The type will be written as (d,r,L,J^). 

Framed Hitchin pairs with fixed determinant. Fix a line bundle M of degree d. A framed 
Hitchin pair of type (M, r,L, Jf?) is a framed Hitchin pair (E,e,(p, y/) of type (d, r,L, J$f) 
with det(i?) = M. The equivalence relation is the same as for framed Hitchin pairs of type 
(d, r,L, Jf?). Observe that the sheaf on D\ provides us with a morphism d(€ m ) : 9t — > 
PicX. Since this morphism is SL(V )-invariant, it descends to a map 5 : & " ^"djrfhl .ye — > 
PicX. Define •^•^'^"/l/j^ as tne sc h eme theoretic fibre of t> over [M], 

The condition Im(<p) C ker( y/) ®L. Stupariu looks at framed Hitchin pairs which satisfy 
(y<8>id L ) 09 = 0, i.e., 

Im<p C (kery/) ®L. 

Let us call these objects framed Hitchin pairs of type (d,r,L,j4?,*). The definitions of 
equivalence, a '-(semi)stability , and so on carry over. Note that the above condition forces 
kery/ to be ^-invariant. We can also construct moduli spaces for those objects: Consider, 
onmxX, 

7l x Jff — ► <£^ — > £^ (g) TZVrOi^ >g> % X L. 

Define 9\* as the closed subscheme of D\ whose closed points are the points r 6 91 such 
that the above homomorphism becomes zero when restricted to {r} x X. One can now go 
on as before. We denote the resulting moduli spaces by &Jf? CT 7 , f , . Moreover, we can 

b d/r/L/jt/* 

fix a line bundle M and define the moduli spaces „ , . 

F M/r/L/jif/* 

Some observations. Let (E, £, <p, y/) be of type (d,2,L, ff x (m ),*), m Q G Z. The image 
of y/ is of the form & x (m )(—D) for some effective divisor D, and we get an extension 

(e): — >det(E)(Z>)(-ifio) — »£ — > ^ X K)(-D) — 0. 
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LEMMA 1.21, i) If 6 > 2m —d, then there are no O -semistable framed Hitchin pairs 
of type (d,2,L,G x (m ),*). 

ii) If{E, £,<p,y/) is a (J-(semi)stable Hitchin pair of type (d,2,L, G x (m ), *), thenthere 
exists a (J 1 £ Q >0 such that (E, is a & '-(semi)stable framed module in the sense o/[[TJ]. 

Proof, i) Indeed, if E is given as an extension (e) as before, then c-semistability implies 
d — m < (d—o)/2, because ker \j/ is ^-invariant. We also see that we must choose m > 
d/2. 

ii) Again, let (E. y/) be given by the extension (<?). We know d + deg(D) — m < (d — 
a) j2. Set a' := -d-2deg(D)+2»z .Thend+deg(Z))-m = (d — a')/2, and for any line 
subbundlef ^ker y/ of E we have deg(F) < — deg(D) +m — (d + o')/2. If the extension 
is non-split, then we can choose a' slightly smaller, so that (E, y/) is even a'-stable. □ 



Remark 1.22. The analogous statement of 1.21 i) for framed Hitchin pairs of type (d,2,L,3if) 



is false. Indeed, consider, e.g., X = F v L = 3% = G-g , E = ff® 2 , e := 1, let y/be the pro- 
jection onto the first factor and <p be given by the matrix 

1 


Then (£, £, <p, y/) is c-stable for any cr > 0. We will come back to this in the section about 
boundedness in the next chapter. 



Example 1 .23. We look at the situation X = Pj, d = 0, r = 2, L = Jf? — G p . Then, for a 
a-semistable framed Hitchin pair (E,e,(p, y/), we will have E = p © & v , and ker y/ can't 
be <p -invariant. Thus, (£, e, y>, y/) is a-semistable if and only if ker y/ is not ^-invariant and 
either e ^ or <p 2 ^ 0. In particular, (E,E, (p, y) is then stable for any a > 0, and (E,e,(p) 
is a semistable Hitchin pair. Denote by the moduli space, and by 3^ the moduli 

space of semistable Hitchin pairs. There is a natural map %: J? ' 3f — ► 3f. The space 3V 
is isomorphic to P 2 with coordinates, say, [/q,/^^]. Here, the point [/ ,Z l7 / 2 ] represents the 
class of the Hitchin pair (G p © G p ,£,<p) with 

h 



l °> <r-{o i 2 

It is easy to describe the fibres of n: The preimage of [l Q , l { , l 2 ) with Zj ^ l 2 consists just of 
the class of (G P © G P ,S,(p,y) with 

e = l , 9=(S I), Vr=(l,l); 
and the preimage of [Z , /, I] of the class of (G p © ^ p , £, <p, y/) with 

e = / . <P= ( n ! J . V = (1.0). 



[ 0' ^- ^ Z / 

Hence, 7T is an isomorphism. It is possible to give explicit coordinates for '. For this, 
we write & 3? = P(M^ ©M^)//(C* x SL 2 (C)), where M x = CffiC* 2 ' 2 ) and M 2 = C 2V , 
and C* acts with weights - 1 and 2, so that the induced polarization on P(Mj V ) x P(M^) is 
G(2, 1). We choose coordinates {l Q ,ly 2 ,Z 2 j,Z 22 ,i[,i 2 ). Observe, that a (2 x 2)-matrix 
is nilpotent if and only its determinant and its trace are both = 0. Moreover, "ker y/ is 
<p-invariant" can be expressed as 



D := det 



'1,1*2 '2,1*1 
'2,1*2 — '2,2*1 



*l*2('l,l + '2.2) — *2^2,1 — *l'l,2 
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Thus, the SL 2 (C)-nullforms are the common zeroes of the polynomials H := l Q , H { : = 
ly j + 1 2 2 > H 2 := /j j/ 2 2 — h 2^2 l' an( ^ ^3 := ®- ^ e nave to ^ nc ^ mose homogeneous poly- 
nomials in H ,...,H 3 which are C*-invariant. The weights of H , Hy, H 2 , and H 3 w.r.t. the 
C*-action are 1, 1, 2 and —2. Hence, the coordinates are given by h Q = HqH 4 , hy = H\H 4 , 
and h 3 = H 3 H 4 . 



2. Oriented framed Hitchin pairs 

We will first discuss the notion of oriented framed Hitchin pairs and introduce the — pa- 
rameter independent — semistability concept for them. Then we will proceed to construct 
the moduli spaces of semistable oriented framed Hitchin pairs over curves. There are some 
intricate technical points such as the behaviour of a-semistability when a becomes large. 

Oriented (symmetric) framed Hitchin pairs. An oriented framed Hitchin pair 
of type (P,&,Jf? ,«yf) is a quintuple (S ',£,5 ,<p,yr) where S, e, <p, and \jf have the same 
meaning as before, only that \j/ = is now allowed, and 8 : dett? — > jV\S\ is a homo- 
morphism. An isomorphism between oriented framed Hitchin pairs (S',e 1 8 1 (p,\j/) and 
(£" ,e',8',(p', y/) of type (P,&,Jf,^V) is an isomorphism p: S — > S" such that there 
exist numbers w,z E C* such that 

e' =ze, 8' = w r 8o (detp) -1 , <p' = z((p ®id^) o 9 op^ 1 ) , & = wy/op- 1 . 

An isomorphism p as above will be called a proper isomorphism, if w — 1. Note that 
both notions of isomorphism yield the same equivalence relation on the set of all oriented 
framed Hitchin pairs of type (P,Sf ,J(? We will call an oriented framed Hitchin pair 
{$ , £, 8, <p, y/) of type (P,@ ,J4? symmetric, if <p is symmetric. As before, any symmet- 
ric oriented framed Hitchin pair of type {P^S , JY) defines an element 8, € 
P^. This depends only on its equivalence class and is called the characteristic polyno- 
mial of (<?,£, 8, q>, y/). In general, we can assign to every oriented framed Hitchin pair 
[S , £, 5, <p, Iff) its characteristic vector in E^. 

Remark 2.1. i) The automorphisms of the oriented framed Hitchin pairs living in the 
universal family which will be constructed below coming from actions of the stabilizers 
are only automorphisms in the weaker sense. Thus, one should adopt this notion of iso- 
morphism in order to avoid confusion when trying to make the universal family descend. 
The above notion of isomorphism is also the one which extends to families. This situation 
is unlike the situation for framed Hitchin pairs! Note that A • id, X € C*, is always an auto- 
morphism. Moreover, if p is an isomorphism with constant w, then w~'p will be a proper 
isomorphism. 

ii) If X is a curve and L = S? is a line bundle, we can also extend the definitions 
of Chapter [j], i.e., we can define the notion of an oriented framed Hitchin pair of type 
(d,r,L,J^,^V, *), of type (M,r,L,J^) and (M,r,L,j4?, *). In the latter two cases we mean 
det(£) ==! M, and 8 : det(£) — > M. 

A family of oriented framed Hitchin pairs of type (P,&,Jf?,^V) parametrized by the 
noetherian scheme S is defined to be a seventuple ((£„, e s ,8 s ,(p s , \jf s , 5Dt s , consisting of 
line bundles Tl s and 9t s on S, an 5-flat family of torsion free coherent sheaves <£ s with 
Hilbert polynomial P on S x X, a section e s G H°(0t s ), a homomorphism 8 S : det(l£ s ) — ► 
^[<£ s ] ® ^9%, a twisted endomorphism <p s : (£ s — ► (S s ® 18) 7z£Sf, and a homomor- 
phism \jf: S r £ s — > 7C x S r j£'® 7t£1XJl s which is outside the closed subscheme S Q := {s £ 
S I Ws\{ s }xX = } a symmetric power, i.e., there is a line bundle Wl' on S \ S with 9Jt'® r = 
^S|S\S ' an< ^ Vs\s\s * s tne s y mmetr i c power of a homomorphism y/: G^^g j xX — ► 

J$? (8) 7rii s 071'. We leave it to the reader to define equivalence of families. 



FRAMED HITCHIN PAIRS 



15 



SEMISTABILITY. The definition of semistability will be made in analogy to the defini- 
tion of semistability for oriented pairs in [|[|. We need a preparatorial result. 

LEMMA 2.2. Let ((S',e,(p,\jf) be a framed Hitchin pair of type ,<&?), possibly with 
iff = 0. Suppose there are non-trivial ^-invariant subsheaves in kery/. Then there exists a 
uniquely determined non-trivial ^-invariant sub sheaf J{f max C ker iff, such that for all other 
^-invariant subsheaves J(f C kery/, one has (P(Jt^) / 'rkJ^) < (i 5 (J^ n ax)/rk J^ax), and, 
if equality Occurs, CZ t-^max- 

Proof. Indeed, since, by assumption, the set of non-trivial ^-invariant subsheaves in 
ker iff is not empty and the sum and the intersection of two ^-invariant subsheaves in ker iff 
is again a ^-invariant subsheaf in ker iff, to get the result, one merely needs to copy the 
proof of Lemma 1.3.5 in [0]. □ 

Set a g :=P(S) - (rk<f /rk J^ax)-P(^nax) ■ Let (<?, £, 8, q>, if/) be an oriented framed 
Hitchin pair of type (P,Sf , Jf? ,jV). We call it semistable, if and only if either there are no 
^-invariant subsheaves in kery/, or 5 is an isomorphism and there are ^-invariant sub- 
sheaves in ker if/, a g ^ v > and for all non-trivial <p-invariant subsheaves & C S 



rkJ? rkJ? ~ rkr? rk<? 
And we call {$ , e, 5, (p, iff) stable, if and only if either there are no ^-invariant subsheaves 
in ker iff, or 5 is an isomorphism and there are ^-invariant subsheaves in ker if/, <j g ^ ^ > 0, 
and one of the following two possibilities holds: 

1. For all non-trivial ^-invariant proper subsheaves & C S 



rkJ? rkJ? rk<? rk<? ' 

2. (g,£,<p,Y) splits as (J^nax,e, ,0) © (<?',£, gy„ iff), the triple (Xiax, 

£,9^ ) is a stable Hitchin pair, and [§' ,£, p^,, !//■) is a ^ ^.-stable framed 
Hitchin pair, such that P(J^ ax )/rk J^ ax = (P(ff') - tfg, )/rk#'. 

For our constructions, we have to restate the semistability concept in terms of the semista- 
bility concepts for framed Hitchin pairs of Chapter 1 . 

LEMMA 2.3. i) An oriented framed Hitchin pair (S \£,8,(p,iff) of type (P,& , J$? , .yV) is 
semistable, if and only if it satisfies one of the following three conditions: 

1. There are no ^-invariant subsheaves in the kernel of iff. 

2. 8 is an isomorphism, and (<?,£, <p) is a semistable Hitchin pair of type (P,&). 

3. iff ^ 0, 8 is an isomorphism, and there is a polynomial a 6 Q[f] of degree less than 
dimX with positive leading coefficient s. th. (S \e,(p,iff) is a O -semistable framed 
Hitchin pair of type (P,^,J^). 

ii) (<o,£, 8, <p, iff) is stable, if and only if satisfies one of the conditions listed below. 

1. There are no ^-invariant subsheaves in kery/. 

2. 5 is an isomorphism, and (£,£,(p) is a stable Hitchin pair of type (P,&). 

3. iff ^ Q, 8 is an isomorphism, and there is a polynomial O <E Q[t] of degree less than 
dimX with positive leading coefficient s. th. (S' J £,(p J \j/) is a C '-stable framed Hitchin 
pair of type (P,&,Jf). 

4. iff 7^ 0, 8 is an isomorphism, and there is a polynomial (7 £ Q[f] of degree less than 
dimX with positive leading coefficient s. th. (£ , £, <p, iff) is a O -poly stable framed 
Hitchin pair of type (P,&,Jf?) oftheform (£",£, <p',0) ® (£",£, <p", iff). 

Remark 2.4. In the case the base X is a curve, L = & a line bundle, and r — 2, then, 



by Lemma 1.21, for any (semi)stable oriented framed Hitchin pair (E,£,S,(p,iff) of type 
(d,2,L,J$?,yV,*), then either (E,£,q>) is a (semi)stable Hitchin pair of type (d,2,L), or 
the triple (E,S, y) is a (semi)stable oriented pair of type (d,2 : ,yV) in the sense of 



16 



ALEXANDER H.W. SCHMITT 



Let (<f,£,5,<p,y/) be a semistable oriented framed Hitchin pair of type (P,^,Jf,^V) 
which is not stable. This occurs if and only if there is either a <p-invariant subsheaf in 
kery/ which destabilizes (<?,£, (f>) as a Hitchin pair — in which case («?,£, <p) must be a 
semistable Hitchin pair — or there are a ^-invariant subsheaf Jfc of ker y/ and a <p-invariant 
subsheaf <f_ ker y/ with 

rkJ? rkJ? rk<? rk<?' 

where := P(c?) - (rkcf /rkJ^)P(JT). Note that in this case (<?,£, <p,y/) is cr^- 
semistable but not c-semistable for every polynomial <7 7^ O x . Let C <^„ C ■ ■ ■ C § l C S 
be either the Jordan-Holder filtration of the semistable Hitchin pair (<£",£, 9) or the Jordan- 
Holder filtration of the -semistable framed Hitchin pair (<?,£, <p, y/). Note that such a 
filtration induces a canonical isomorphism between det(0"^ l 1 1 <C-_i/<^-) anddet^). Hence, 
we obtain an associated graded object gr(<S", e, 8, (p, y/) — well-defined up to equivalence 
— , and we call (<?,£, 5, 9, y/~) polystable, if it is equivalent to its associated graded object. 
Furthermore, two semistable oriented framed Hitchin pairs are said to be S-equivalent, if 
and only if their associated graded objects are equivalent. 

Remark 2.5. i) At this moment, one could get the impression that a stable oriented 
framed Hitchin pair ((?,£, 8, (p, y/) where ((?,£, (p, y/) splits into two components (£",£, <p' , 
0) and (<§" , £, <p", y/) might not be stable at all, because there might be another semistable 
oriented framed Hitchin pair degenerating to it. This is, of course, not the case. Let ff 
be the unique polynomial w.r.t. which (<f, £, (p, y/) is semistable. Suppose (<f, £, y?) is 
a a -semistable pair whose associated graded object is equivalent to (S ', £, (p, y/). Then it 
is easy to see that either it is itself equivalent to (^,£,9, y/) or it is <7-stable w.r.t. some 
polynomial a which is "close" to cr . 

ii) If (& , £, 5, <p, y/) is properly semistable and (<#,£, <p) is not a semistable Hitchin pair, 
then m in the above Jordan-Holder filtration must be at least two. 

iii) One checks that the stable oriented framed Hitchin pairs are precisely the polystable 
oriented framed Hitchin pairs which have only finitely many proper automorphisms. 

BOUNDEDNESS. In this section, we prove the boundedness of the set of isomorphy 
classes of torsion free coherent sheaves occuring in semistable oriented framed Hitchin 
pairs of type (P,^ ,J$? ,JV) and carefully examine how the notion of (7-semistability be- 
haves when a becomes in a certain sense large. Invoking Maruyama's boundedness result 
|||] again, the boundedness will follow from 

PROPOSITION 2.6. Suppose & = ff x {m)® u and ff x i m ) is globally generated. Then, 
there is a constant C such that, for any semistable oriented framed Hitchin pair ($,E,8,<p, 
W) °ftyP e (P,&,J&',<yy), the condition 

Mmax(^)<C 

holds true. 

Proof. For y/ = 0, this is Proposition 2.2.2 in [^[j. Thus, we can assume y/ ^ 0. Any 
subsheaf & of S can be written as an extension 

— >kery/nJ*" — > J* — ► y(^) — > 0. 

Since ju(y/(j£")) is bounded by fl max (Jf), it suffices to bound /x max (kery/). Recall the 
following 

LEMMA 2.7. Given torsion free coherent sheaves J^"j and J^ 2 with /i min (J?j) > /X max (^2) - 
Then there does not exist any non-trivial homomorphismfrom ^ to J^" 2 - 

Set jj. := ma\{fi,fi max (J^) }. We will derive a contradiction from the following as- 
sumption: 

Mmax(kery/) > n + rdeg@ x (m). 
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Suppose this was true and let = ,Jf^ C J£[ C • • • C ,J€ K — ker \]f be the slope Harder- 
Narasimhan filtration. 

CLAIM 1. Fori= l,...,fC — 1, the following inequality is satisfied: 

< M(.^ + ,A^)+deg^(m), 

in particular, 

Ji max (ker v/) < M m in ( ker V ) + (r - 1 ) deg ff x (m) . 

Therefore, fi (ker y) > fi, so that ker y/ cannot be ^-invariant. On the other hand, 

Al min (kery) > AWx(^) + deg^ x (m) = £l max pf ® 6 x (m)® u ) 
> Mmax((^/keri/A)®^ x (m) ffi "). 



In view of Lemma 2/7] , this means that ker y must be ^-invariant. 

To see the claim, first note that (p(Jt\) C kery/® x {m)® u , again by [2~7| . By semista- 
bility, cannot be ^-invariant. Hence, there is an index i' > 1, s. th. <p(J^) C J?y ® 
^(m)*" and (p(J{^) <£. ® x (m)® u . Thus, there is a non-trivial homomorphism 

/: — > {J(r t /jr e _ x ) ® ^ x (m)* H , whence 

ju ( ) < ju (Jf, / J^,_ , ) + deg (m) < jit (Jfj / J^) + deg X (m) . 

Next, suppose the claim is true for i = Since MminC^+i) = ^(^j+i/^j) ^ 

ju(^) — jdeg& x (m), again <p(J^. +1 ) C kery/£g> & x {m)® u , so that the same argumenta- 
tion as before goes through, and we settle the case y + 1. □ 



Corollary 2.8. Let (<?,£, <p, y) be a framed Hitchin pair of type (P,@,J(?), such that 
there is no ^-invariant subsheaf which is contained in ker then (<£*,£, (p, will be (7- 
stable for all polynomials a € Q[f] of degree dimX — 1 with sufficiently positive leading 
coefficient. 

Proof. In the above proof, we have ruled out that one of the be <p-invariant by the 
semistability condition, here, we do it by assumption. Thus, the same conclusion as in 



Theorem 2.6 — with the same constant C — holds for framed Hitchin pairs {£,£, <p, \ff) 
with non-trivial framing and no ^-invariant subsheaves in ker y/. So, any polynomial a G 
<Q[t] of degree dimX — 1 with leading coefficient > r(r — 1)C — (r — l)d will do the trick. 

□ 



We also have the converse 

PROPOSITION 2.9. For all polynomials O of degree dimX — 1 whose leading coeffi- 
cient is sufficiently large and all O-semistable framed Hitchin pairs (#, £, <p, \jf) of type 
{P,& there will be no ^-invariant subsheaf in kery. 

Proof. Let £, <j?, y) be a framed Hicthin pair, set & Q := ker y/, and for i > 1, ^ := 
ker(j^_j — ► (c? ^x( m ) ffi ")- This yields a decreasing chain of saturated submod- 
ules 

oc-c^ i+1 cj;.c-cJ . 

By definition, a <p-invariant subsheaf & C ker y/ is contained in all the J^ . Therefore, such 
a subsheaf exists if and only if one of the is <p-invariant. But, by construction, the J^'s 
coming from framed Hitchin pairs which are a-semistable for some polynomial cr form 
bounded families. This means, if [d— (leading coefficient of <J)]/r is smaller than every 
possible n («^), then a <7-semistable framed Hitchin pair (<£",£, (jo, y/") of type (P, §f , 
has no non-trivial ^-invariant subsheaves which are contained in ker \\f. □ 
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Flips between the moduli spaces of framed Hitchin pairs. We will now 
carry out a discussion of this topic which makes the phenomenon completely transparent, 
and which is independent of the existence of master spaces. 

Let Q[f]di m x-i + b e the set of all polynomials of degree at most dimX — 1 which have 
positive leading coefficient. This set is totally ordered by the lexicographic order. Let 
DFHp/y i J jy be the set of equivalence classes of semistable oriented framed Hitchin 
pairs of type (P,^, dtf^jY). Given the equivalence class of a semistable framed oriented 
Hitchin pair (#,£, 5,<p,y/), then a non-trivial ^-invariant saturated subsheaf Jif C kery/ 
of S defines a polynomial a x E Q[t] dimX _ u+ . Let g dgst be the subset of Q[t] dimX _^ + 
of polynomials arising in that way. Pick a polynomial (Too for which the conclusion of 



Proposition 2.9 holds. 



Lemma 2.10. The set Q, n { a e Q[t] dimX -i + I o < a™ } is finite. 

Proof. The assumption a % < a*, provides a lower bound for ji(J ^). Since the possible 
coherent sheaves <S vary in a bounded family, by Proposition |2.6| , i.e., they are all quo- 
tients of the sheaf G x (— n)* v , for some large n and v, the lemma follows from a result of 
Grothendieck's ([§], Lemma 1.7.9). □ 

Let a[ < • • • < a' t be the polynomials in Q^ e&t which are smaller than (Too. This gives 
rise to "open intervals" I Q := {a\ a < o[ }, l i := {cr| a- < a < cr/ +1 }, i = 1, ...,£ — 1, and 
I t :={a\a' t <a}. 

LEMMA 2.1 1. Let (J l and <J 2 be two polynomials in QM^x-i + \ Qa *■ V ®\ an d &2 
lie both in one of the /, then ./-.//■" " = J^V? . 



OlSS 



Proof. By the assumption that (Tj and a 2 do not lie in Q^ es ^ we have 3 ' M ' p ' 
^ •^'"pjy I ^ 1 : ~ Therefore, it is enough to show that a framed Hitchin pair of type 

(P,&,Jf?) is (Testable if and only if it is <7 2 -stable. First, let i < t. Suppose G l < (T 2 . If 
{£ ', £, <p, y/) is (Tj -stable but not (T 2 -stable, then there must be a ^-invariant subsheaf C 
ker y/ with a l < a x < a 2 . The saturation of J(f has the same property. But since there is 
no such polynomial, by assumption, <p, y/) is also (Testable. Next, let {& ', e, <p, y/) be 
(T 2 -stable. If it was not a l -stable, there would be a saturated <p-invariant subsheaf 3 which 
is not contained in kery/ which (Tj -destabilizes (<?,£, p, y/~). Define e Q[ ? ]dj m x-i + ^y 
the condition 



rkJ? rkJ? rk<? rk<?' 

Then a x < ay < <7 2 . If we choose 3 such that ay becomes maximal, then (#,£, <p, y/) 
will be properly -semistable. Its associated graded object possesses a ^-invariant sat- 
urated subsheaf J(f C kery? with = CTj?. This is again an impossibility. In the re- 
mainning case i — t, we may assume that either (Tj or a 2 agrees with a*.. In the former 
case, i.e., Goo < a 2 , the assertion follows from Proposition |2.9[ If G { < a*,, then the same 
argumentation as before can be applied. □ 

Now, pick for each / £ {0,...,f } a polynomial a ; - E l { . Observe that every (#,£,(p, y/) 
which is (T-stable is also ff-Lj- and a/-semistable. Therefore, we obtain a diagram 

3# o<T _s %pGt- s 
P/V/Jt PI'S IX 

/ \ y \ / \id 

p/w pi^/jp " - 

Here, J^fp^ is the moduli space of semistable Hitchin pairs. 
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The parameter space and the group actions. To avoid further technicalities, 
we will from now on assume that X is a curve. 

Assumptions 2.12. For any n > n 2 , and any semistable oriented framed Hitchin pair 

(E,e,8,(p,y) of type (d,r,#, Jt?,^): 



Jff(n) is globally generated. 

E{n) is globally generated, and the first cohomology group of E(n) vanishes. 



• The conclusion of Proposition 1 .5 holds for all positive rational numbers a , and also 



the analogous assertion for semistable Hitchin pairs of type (d,r,^). 

Fix a positive rational number (Too, for which the conclusion of Proposition 2.9 holds. 

Then, [d + r(n + 1 -g)]/2 > a„. 



Again, n 2 = is assumed. We also adopt 1.13. We start as in the construction of the 



parameter space for framed Hitchin pairs. As explained in the Preliminaries, the universal 
quotient : V ® &m x x — '' £<p defines a morphism d(&m) ■ ^ — > PicX. By the univer- 
sal property of the Picard scheme, := 7Top t ( Hom (det(g t p),^ / K[g:tpl)) is invertible, and 
for any point pe!p, 

%(p) = Hom(det((S (p|{p}xZ ),^[(£ (p|{p}><x ]). 

Set % := 8 S r Hom(V,i/°(Jf )) v ® Then, we can construct our parameter 

space as a closed subscheme 1 of T. Note that, outside the closed subscheme P(£^p) of T, 
we can extract the r-th root of the tautological line bundle. From this, it is clear that there 
is a universal family (<B^,e^, 8 % . (p % , HJt^pCTL.) onlxX which has the local universal 
property. T Q is the open subscheme mapping to O , and 2^ is the open subscheme 
parametrizing the (semi)stable oriented framed Hitchin pairs. 

Remark 2.13. Since X curve, the quasi-projective scheme £} Q is smooth. Therefore, the 
restriction of the universal quotient to O x X is locally free of rank r. 

There is a natural right action by SL(V) on % and the universal family onl xX comes 



again with an SL(V)-linearization. Remark 2.1 i) and 2.5 iii) show that all the stabilizers 



of points in 1 Q which are represented by stable oriented framed Hitchin pairs are indeed 
finite. This is because there are only finitely multiples of idy in SL(V). We must construct 
the good (geometric) quotient T^ s // SL(V). 

The Gieseker map. We let J? C PicX be the Jacobian of degree d line bundles on X 
and Jfj be the restriction of Jf to /xl If d > 2g - 2, then 21 ^ := K ^^.JV^ and 
21'^ := % jJy-yYj <S> Tt x ff x {m))® u are locally free. From the universal family, we get, on 
T x X, homomorphisms 

Observe (£e£ = A ®det(£^ ) v , because is locally free. Using the surjection 

V ® „ v — ► 2<r , we obtain 



1 xX 



r-1 

V®A y ®^ n xx — det(^ n )®74 o 9V o ®^ x (m)®" 



f\V®n x x (m)® u — ► det(^ o )«)7r| o ^ 3 - (i ®^^x( m ) e " 
Now, project all this to T , so that you get 

r-1 
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Here, 21^ is the pullback of 21'^ under the map d(£^ ), and Jzf^ is some linearized line 
bundle. These data define an SL(V )-equivariant morphism 

r r— 1 



t 



T — ► P! := P(Hom(/\y <g>M<g> ffj ©y<8> /\ V ® ^_ / ,2l[ / ) v ) 



£ 



which factorizes over an injective morphism <P — > P l , and tj G v ( 1 ) = OT^- (8> Jz^j ■ Next, 
we have a look at the data defined by the orientation and the framing, i.e., at 

A r V<g>& 7 — ► det(€ T ) — > yK\(t 7 ](g>KDJl T 
Projecting these to T , provides us with 

r 

Av<g>^v — > 2U ®Wl 
5 r Hom(V, (Jf) ) <g> — ► 9Jl^ o , 
and, thus, with a morphism 

r 

tj : X — * P 2 := P(Hom(/\ V ® ^,S^) V © S r Hom(V,i/°pf )) v <g> tf,) , 

such that t|^ p (1) = OJl.j . The resulting SL(V)-equivariant and injective homomorphism 

« -P | x / P 2 ^T:=P,xP 2 

is our Gieseker map. We linearize the SL(V)-action on T in a very ample line bundle of 
the form G x (1 , 1) ®(pullback of a very ample line bundle on a fi). 

The semistable points in T. The key step to the construction of the moduli spaces is 

Theorem 2.14. Let t = ([q: V ® G x — ► E], [e,q>], [S, \]r]) be a point in T . Then the 
associated point t(r) 6 T is ( semi/poly )stable w.r.t. the given linearization if and only 
(£,£, 5, <p, y/) is a ( semi/poly )stable oriented framed Hitchin pair of type (d,r,&,J4?,^V). 

First, observe that the action on # is trivial, so that t(f ) will be (semi)stable if and only 
it is (semi)stable in T, :=Pj t xP 2( w.r.t. the linearization in ^(1,1) where 

r r—i 

P u := P(Hom(/\y®M©V® /\y,i/ (det(£)(m))*") v ); 

r 

P 2 , := P(Hom(/\y,i/°(det(£))) v ©5 r Hom(y,//°(Jf , )) v ). 

Next, we introduce on P 2r the C* -action which multiplies the second component by z. 
Then, there is a family of linearizations of the C*-action in & v parametrized by natural 
numbers e,k with < e < k [H], We look at the quotients of P : ( xP 2| by these linearized 
C*-actions. If e = 0, then the quotient is T° :=P lt x P(Hom(A r y //°(det(£'))) v ) with 
induced polarization ^(1,1). If e = k, then the quotient is 

T,°° := Pj , x P(S r Hom(V,H°(Jf )) v ) 

with induced polarization ^(1,1). In the other cases, the quotient is 

r 

T, := Pj , x P(Hom(/\y//°(det(£))) v ) x P(S r Hom(y H°(Jf )) v ) 
with induced polarization L? k : — ff(k, k — e, e) . Define 

k 2 k 

Note that, by [2.12 , for a given (positive) <y < o^, we can find < e < k satisfying (7 = 
(p/2)(e/k). By the Preliminaries and Remark 2.5 iii), Theorem 2.14 now reduces to the 
following 
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THEOREM 2.15. i) The associated point in is ( semi/poly )stable if and only (E,S,(p) 
is a ( semi/poly)stable Hitchin pair of type (d, r,§f). 

ii) The associated by point in Tj° is ( semi/poly )stable if and only if there are no <p- 
invariant subbundles F ofE which are contained in the kernel of iff. 

iii) The associated point in T, is (semi/poly jstable w.r.t. the linearization L e k if and only 
if (E,£,(p,\j/) is a O k -(semi/poly)stable framed Hitchin pair of type (d,r^ ,Jrff). 

The P(S r Hom(V,H°(Jf))' v )-component. By definition, the image of the point t(t) in 
that space lies in the image of R under the r-th Veronese map. Therefore, the weights are 
those in R multplied by r. 

The P(Hom(A" V,H Q {del{E)) y ) -component. Let v 1 ,...,v p be a basis for V. Set E i := 
#((vj, ...,v.-) <E) @x)- F° r a one parameter subgroup X of SL(V) which is given w.r.t. that 
basis by weights y l < ••• < y p , one computes fi([q],X) — — ( T ^-^i ~ r k£,_i)7, m par- 
ticular, /X ( [q] , X W ) = p rk£ ; — ir. 

The Pj t -component. Fix basess v l ,...,v p of V and m x , ...,m^ of H°(& x (m)), let m|, 
mi,...,m",...,m u ll be the resulting basis for M, and ev: f\ r V ®M — > H°(det(E)(m)) is 
the natural map. Let's look at some special elements in the space Hom(/\ r V ®M©V® 
A r_1 V,H°(det(E)(m) m )). For each ordered set I of r elements in {l,...,p}, each k 6 
{ 1, ...,/*}, and / e { 1, ...,u }, we define Sj k l as the element which maps (v t] A • • • Av lr ) <g>m[ 

to ev((v ti A • • • A v tr ) ®m l k ) and is zero on all other basis elements of f\ r V ®M and also zero 
on V A r 1 y< This element is an eigenvector for the action of the maximal torus defined 
by Vj,...,Vp. Indeed, if X is given by weights 7 1 ,...,7p, then it acts onS Ikl with weight 

y, H h 7 V . In the same way, for I,k, I as before and i, j G { 1, ...,r }, we define &J { as 

the element which maps v,. (g) (v t] A - • • Av t , A • • • Av Ir ) (girajj. to ev((v 1) A • • • A v lr ) <8>mjj.) and 

is zero on /\ r V <g)M and all other basis vectors of V <S> A*" -1 V. These are also eigenvectors, 
and X as above acts with weight 7^ H h y lr — 7 . + 7 .. By definition, for any t 6 1 , the 

component t t (f ) lies in the linear subspace of Pj r which is spanned by the Sj k / and ©y ; , 
and thus the computation of weights is analogous to that in the fi rst pa rt of this paper. 

After these preparations, it i s clea r that i) and iii) in Theorem 2.15 can be proved in ex- 
actly the same way as Theorem 1.16 in the first part of this paper. In order to see also ii), we 
first observe that computations in the space T" give that the point tj (?) is (semi/poly) stable 
if and only if (E,s,(p,\]/) is ff*-(semi/poly)stable wh ere a* — p/2. By Assumption 2.12 , 
(7* > (Too, so that we can conclude by Proposition 2.9. Finally, a standard argument shows 

Proposition 2.16. The map t %ss : %q — ► T ss is a finite morphism. 

The outcome. The summary of the results of the previous paragraphs is given by 

THEOREM 2.17. The good quotient Xq s //SL(V) exists. It is a projective scheme, and 
the open subscheme 'SL(V) is a geometric quotient. 

The moduli spaces. Let OFH^f' , , be the functor which assigns to each noe- 

therian scheme S the set of equivalence classes of families of (semi)stable oriented framed 
Hitchin pairs of type (d,r,@, Jf? which are parametrized by S, and define the closed 
subfunctor OEH^r , , , , of (semi)stable symmetric oriented framed Hitchin pairs. 

Finally, we set 0&& { $ l9/je/J r ■= 3#>7/SL(V). 

THEOREM 2.18. i) There is a natural transformation #( s ) s of QFHS S } S , , , into 
the functor of points of & &J4?(?} S , „ , „ , , which is minimal in the usual sense ( see i) 
of Thru. |7./| ), so that ^ ^"" d i r i<g 1$? ijf is a coarse moduli scheme for stable oriented 
framed Hitchin pairs of type (d,r,@ \Jif,jV). The map #"(C) induces a bijection be- 
tween the set of S-equivalence classes of semistable oriented framed Hitchin pairs of type 
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(J, r, Jtf, jV) and the set of closed points of & & "^d/r/W / ffl/ 'J/' There is also a proper 
generalized Hitchin map 

ii) There is a closed subscheme ^^ / ) r % / ^ / ^ /symm of ^J^f r/ff/je/Jtr such 

that the analogues to i) w.r.t. the functor OFHvr, , , „, , , hold true. Furthermore, 

6 ' J d/r/g'/^/yK/symm 

there is a Hitchin map 

X- ^^-^d/r/w/je/jy/symm 
mapping a closed point of the moduli space to the characteristic polynomial of a represent- 
ing oriented framed Hitchin pair. The Hitchin map clearly is proper. 



Example 2.19. We return to the setting of Example 1.23| . Let G^ffl be the master 



space. This time, we have to determine the quotient P(Mj / ®M 2 ©C)//(C* x SL(V)). 
Denote the coordinates by (Z ,'i i ^\ 2^2 i>h 2' s i i s 2' s 3)- The SL(V)-nullforms are cut out 
by the equations H i = 0, i = 0, ...,4, where H Q , H v H 2 , and H 3 are as before, and H 4 : = s 3 . 
Set g := Z/q, := //^, and g 2 ■= H 2 - It follows easily that the master space GJPjtf' is 
isomorphic to P 2 x Pj with coordinates ([g Q : g x : g 2 ], [H 3 : H 4 \). The Hitchin space Jf? is 
the C*-quotient of the open subset H 4 ^ 0, and the space ^J4? is the C*-quotient of the 
open subset H 3 7^ 0. 

The (C* x C*)-action on the moduli space. On 0.?Jt? := ^^^ s J/ r / L /jt/^, 
there are two C*-actions which commute with each other: First, there is the C*-action 
which comes from multiplying the twisted endomorphism by a scalar factor. Second, we 
can multiply the framing by a non-zero complex number, this yields the second C* -action. 
As explained in [[|, it is important to study the fixed point sets of those C* -actions, the 
so-called varieties of reductions. The fixed point set of the first C*-action contains two 
obvious components. The first one is ^fi r i^ ij^, the master space of semistable oriented 
framed bundles as constructed in [||], corresponding to the points with <p = 0. The second 
one is G^M'o. := G^J^, //C*, where , Q is the open subset where e ^ 0. 

The fixed point set of the second C*-action looks as follows: First, there is ^y f yg? = 
{ iff = 0}, the moduli space of semistable Hitchin pairs of type (d,r,^). Second, there is 
^"^d/r/L/j? embedded as the part {5 = 0}. Third, there is the set of the stable points of 
the form ((E',e,(p',Q)(B(E",e,(p",y),S) which has t components. From the GIT-process, 
these C* -actions come with natural linearizations in an ample line bundle on GJFjrff, let I 
be the one of the second C*-action, then, as in [0], one can now conclude 

THEOREM 2.20. For k > and e € Z, let l e k be the modification of the linearization I as 
described in Part I of [^. Then the GIT-quotients Jf? // , e C* run through the moduli 

k 

spaces •%'JJ r ty> and 3 'd/r/9 '/ ??> ® ^ Q>0- ^ n particular, the chain of flips described in 
a previous section is a chain ofC*-flips. 
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